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What we have learnt so far ?

» AIM: Learn/Solve PDEs using Deep Neural Networks
» Use PINNs for that purpose.
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Summary of PINNs.

» PINNSs are alternatives to PDE Solvers.
> Work well for "hard” problems with "easy” solutions.
» Don't work yet for complex problems.

» Whats the alternative ?
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Summary of PINNs.

PINNs are alternatives to PDE Solvers.

Work well for "hard” problems with "easy” solutions.
Don't work yet for complex problems.

Whats the alternative 7

Use Data:

The next several lectures: Use of Supervised Deep Learning
for PDEs
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What does solving a PDE mean 7

» Example 1: Consider Darcy PDEs:
—div(aVu) = f,

» Quantities of interest are:
» 1 is temperature or pressure.
» ais conductance or permeability.
» f is the source.

» Find the solution Operator §: a+— Ga = wu.
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What does solving a PDE mean 7

» Example 2: Consider the Compressible Euler equations:

pt + div(pv)

(pv)e + div (pv @ v + pl)
E; + div ((E + p)v)

U(X7 O) = (P, v, E)(X7 0)

)
)
)

0
0
0
a

(x)-

Initial Condition Solution at time T

» Find the solution Operator §:a+ Ga=u(T).
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Operator Learning

» Operator: §: X +— Y, dim (X, Y) = co.

» Learn PDE Solution Operators from Data

» Underlying Data Distribution p € Prob (X)

» Draw N i.i.d samples (a;, G(a;)) with a; ~ p.

» Operator Learning Task: Find approximation to G pu
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The age of Al

» Exponentially more Compute aka GPUs :-)
» Huge Data

» Deep Neural Networks
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The age of Al

» Exponentially more Compute aka GPUs :-)
» Huge Data
» Deep Neural Networks
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» Neural Networks: RV — RM

» Caveat: Operator Learning: Inputs+Outputs are Functions !!!
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Solution I: Use Parametric PDEs instead :-)

| 2
>
>
>
>
>

X, Y are Banach spaces and p € Prob(X)

Abstract PDE: D,(u) = f

Solution Operator: §: X — Y with §(a,f) = u
Simplified Setting: dim (Supp(p)) = dy < o0

Corresponds to Parametrized PDEs with finite parameters.
Find Soln u(t, x,y) or Observable L(y) for y € Y C R%.

» Approximate Fields or observables with deep neural networks
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Works very well

» Given Hicks-Henne parameter: Predict Drag, Lift, Flow
» DNN with 103 — 10* parameters and 128 training samples :

Run time (1 sample) | Training | Evaluation | Error

Lift 2400 s 700 s 10> s 0.78%

Drag 2400 s 840 s 10°s | 1.87%

Field 2400 s 1 hr 02s 1.9%
Exact Density Predicted Density
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But: A Big Challenge with Parametrization

» Difficult to come up with a suitable one.

» Not unique.

> f:xc0,1] — x? same as
2 2
. 2,1 (n=b y2—b
F:(y1,52) €[0,1] »—>2[< 1311) +<232 )]

» Does not Generalize !l
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e Need to go back to Genuine Operator Learning
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Back to Operator Learning

» Operator: §: X +— Y, dim (X, Y) = co.

» Learn PDE Solution Operators from Data

» Underlying Data Distribution p € Prob (X)

» Draw N i.i.d samples (a;, G(a;)) with a; ~ p.

» Operator Learning Task: Find approximation to G pu
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Solution |:

Input vorticity

» Discretization — MLP +— Interpolation
» Solution operator G: X — X

> Discretization: & : X — X2 ~ RN

» MLP: £*: RN — RN

> Interpolation: R : RN —» X

» Operator Learning: §* =RoL*o €&
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Deep Neural networks Recalled

L
XX

Source Layer
o Hidden Laye

Hidden

LN(2) =00 CKOTOCKk_g.oueun... Qoo GO G(2).
At the k-th Hidden layer: zKk+1 := o(Cyz¥) = o(Wjz* + By)
Trainable Parameters: § = {Wy, Bk} € ©,

o: scalar Activation function: ReLU, Tanh

Random Training set: S = {z}N, € Z Cc RN, with i.id z
Use GD: 0k+1 =0, — nkVQJ(Qk), to find

vVvvyvVvyyvyy
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SIS

» Large Model Size:

> For discretization on a 642 grid.
> N = 4096 = Single Hidden Layer of dimension O(108).
» Too large models even for shallow MLPs.

» Spatial Structure is not incorporated !!
> Not possible to evaluate on a Different Resolution

> Not genuine operator learning.
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Solution | (Refined)

» Use CNNs instead of MLP.

» Key elements are Discrete Convolutions with fixed Kernel:

Ke[m] = > kic[m —i]

i=—s

» Weight matrices are very Sparse
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Operator Learning with CNNs

el O

» Tractable Model sizes.

» Respect Spatial structure of underlying Data.

» Possible to Evaluate on any grid resolution
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Does this work ?

>

>
>
>
>

Shear flow with Navier-Stokes with Re >> 1
g h ‘ : “.ij

CNN + Interpolation Results:

Consistent with Zhu,Zabaras, 2019.
Desiderata for Operator Learning:
Input + Output are functions.

Learn underlying Operator, not just a discrete Representation
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Solution I:

>
| 2
>
>
>
>
>
>

Use Neural Operators

Formalized in Kovachki et al, 2021.

Recall: DNNs are Ly = ok © 0k_1 O ...... o1
Single hidden layer: ox(y) = o(Aky + Bk)

Neural Operators generalize DNNs to co-dimensions:
NO: Ng =N, ON_1O...... N1

Single hidden layer; Ny : X +— X

Need to find Function Space versions of

» Bias Vector
> Weight Matrix
» Activation function
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Neural Operators (Contd..)

» Replace Bias vector by Bias function By(x)
» Replace Matrix-Vector multiply by Kernel Integral Operators:

Ay — / Ke(x, y)v(y)dy
D

» Pointwise activations results in:

() =7 | [ Kilxyvy)dy + Bilx)
D
» Learning Parameters in By, Ky
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Discrete Realization

» Caveat: Computational Complexity

» Different Kernels = Low-Rank NOs, Graph NOs, Multipole
NOs, ......
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Fourier Neural Operators

> FNO proposed in Li et al, 2020.

» Translation invariant Kernel K(x,y) = K(x — y)

> Kernel Integral Operator is [ K(x,y)v(y)dy = K x v
D

> Key Trick: Perform Convolution in Fourier space

> Fourier Transform: F: L?(D,C") s 1?(Z9,C")

(Fvj)(k) = / i) Wi(x)dx, Wy (x) = Ce 2Ttk
D

» Inverse Fourier Transform: 71 : /2(Z9,C") — L?(D,C")

(3: Wi (X Z Wkwk

kezd
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FNO Details

» Use Fourier and Inverse Fourier Transform to define the KIO:
[ Ktxvn)dy = 5 EFR)T)))
D

» Parametrize Kernel in Fourier space.
» With Fixed Number of Fourier Modes
» Fast implementation through FFT
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Theory for FNOs

» FNO is very widely used in Practice.
» Theoretical Results of Kovachki, Lanthaler,SM, 2021

» Universal Approximation Thm: For y € Prob(Lz(AD)) and any
measurable §: H" +— H® and ¢ > 0, 3N (FNO): € < ¢

» With Error:

22 = / / 19(u)(y)) — N(u)(y) P dydpa(u)
X U
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Is there a Catch ?

» A Synthetic Example: Random Assignment

» The underlying Operator:

» Errors:
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A Practical Example

» FNO Results:
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Testing Resolution Testing Resolution

» Learn underlying Operator, not just a discrete Representation
I
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Why is this a challenge ?

» In principle, Operator maps functions to functions.

_

Input Output

» In practice, both inputs and outputs are Discrete

Input Output Input Output
» Multiple Discrete Representations !l
» Only discrete operations on Digital Computers.
» A proper notion of Continuous-Discrete Equivalence (CDE)
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